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Abstract In this paper, by applying the Schauder fixed point theorem, the Leray—
Schauder nonlinear alternative and the Banach contraction principle, we establish
some sufficient conditions for the existence and uniqueness of solutions for a coupled
system of nonlinear fractional differential equations with fractional integral conditions,
involving the Caputo fractional derivative. Some examples are given to illustrate our
results.
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1 Introduction

We consider a coupled system of nonlinear fractional differential equations (FDE for
short of the form) with fractional integral conditions
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74 Y. Lietal.

CDglut) = fi(t, u(®), v(t),C DYLu(t),C Do), t €10, 1],
CDgiv@) = f2(t, u(@), v(1),C DLu(),C DItv(), 1 € [0, 1],
w(E) = 0,u(l) = I u(n),
v(E) =0, v(1) = [ 2 (),

(1.1

where ¢ Dy} and ¢ D{, denote the Caputo fractional derivative, gﬂr denotes Riemann—
Liouville fractional integral, 1 < «; < 2, f; € C([0, 1] x R, R),0 < pi < 1,0 <
E<1,0<1n <1,6; >0,i =1,2.

Fractional differential equations arise in many engineering and scientific disciplines
such as the mathematical modeling of systems and processes in the fields of physics,
chemistry, electrodynamics of complex medium, control theory, etc. We refer the
reader to see [1-4]. Fractional differential equations are also regarded as a better
tool for the description of hereditary properties of various materials and processes
than the corresponding integer order differential equations. With this advantage, the
subject of fractional differential equations is gaining much importance and attention.
For some recent development on the topic, see [5—14] and the references therein.
Recently, Guezane-Lakoud and Khaldi [15] investigated the existence and uniqueness
of solution for a fractional boundary value problem with fraction integral condition

[CDg+u(t) = f(t,u(®),C DS,u(r)), t €(0,1), (12)
u(0) = 0,u'(1) =I5 u(l), '
where f : [0, 1] x R> — R is a given continuous function,] < g < 2,0 <o < 1.
The results allow the integral condition to depend on the fractional integral /, u which
leads to extra difficulties.

On the other hand, the study of a coupled system of fractional order is also very
significant because this kind of system can often occur in various applications. There
are a large number of papers dealing with the solvability of coupled systems of non-
linear fractional differential equations. For details, see [16-23] and the references
cited therein. In [24], the authors studied a coupled system of nonlinear fractional
differential equations with three-point boundary conditions

D%u(t) = f(t,v(t), DPv(t)), t € (0, 1),
DPv(t) = g(t, u(t), DIu(r)), t € (0,1),
u(0) =0, u(l) = yu(n),
v(0) =0, v(1) = yv(n),

(1.3)

a—1

where | < o,8 <2,p,q,y >0,0<n<l,a—g=>1,8—p=>1,yn <
1, ynP~! < 1. D is the standard Riemann—Liouville fractional derivative and f, g :
[0,1] x R? — R are given continuous functions. By applying the Schauder fixed
point theorem, an existence result which improved the work in [16] was proved.

In [25], by applying some standard fixed point theorems, the existence results are
obtained for _the coupled system of fractional differential equations with nonlocal
integral boundary conditions
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Solvability of a coupled system 75

EDY(t) = f(t,v(t), DPv(r)), CDPu(t) = g(t, u(t), DIu(t)), t € (0, 1),
1 1
')+ ) = [ @G v)ds, bu' (0 +utm) = [ s vends. g

1

1
cv'(0) + v(&r) =/0 @(s, u(s))ds, dv'(1) +v(&) =/O p(s,u(s))ds,

where 1 < o,8 < 2,0 < p,g <landa—-—p—-1>0,—qg—1=>00 <
n<m<10<é& <& <1.f,8,¢,¥, ¢, p, are given functions satisfying some
assumptions. The form of the integral the authors consider here is quite general, which
involves some of known results.

In [26], the existence and uniqueness of solutions for a boundary value problem of
first-order fractional differential equations with Rieman-Liouville integral boundary
conditions is studied

D u) = f(t,u(),v@), t€l0,1],

D v(t) = gt u(n), v(0). 1 €0,1], s
w0 = y Il u(m), 0<n<1, '

v(0) =8I v(E). 0<& <1,

where € Dy, and ¢ Dg+ denote the Caputo fractional derivative, I(‘;r,
Riemann-Liouville fractional integral, 0 < o, 8 < 1, f,g € C([0, 1] x R2, R),
and p,q,y,8 € R.

From above, we can see a fact, although the coupled system of fractional boundary
value problems have been investigated by some authors, FDE (1.1) are seldom con-
sidered and present more general argument. The main features of the present paper are
follows: First, compared with [16-26], the system we discuss here is coupled not only
in the differential system but also through the nonlinear terms f1, f>, which involved
two unknown functions u, v and the fractional derivative of unknown functions u, v,
and the case is more complicated and difficult than the nonlinear terms involved only a
unknown function and the fractional derivative of a unknown function. Secondly, com-
pared with the above mentioned documents, what we discuss here allow the integral
condition to depend on the fractional order integral /7, u which covers the multi-point
boundary conditions and integer order integral boundary conditions. It is worth men-
tioning that integral boundary conditions are encountered in population dynamics,
blood flow models, cellular systems, heat transmission, plasma physics, etc.. They
come up when values of the function on the boundary are connected to its value inside
the domain. Sometimes, it is better to impose integral conditions because they lead to
more precise measure than the local conditions. Furthermore, what we discuss here
allow u(§;) = 0,0 < & < 1 which is a more general condition, instead of #(0) = O in
the literature [15-22,24]. Finally, compared with [16, 18,20,23-26], the methods and
some growth conditions (see Theorem 3.2) what we use here are of some difference.

The rest of the paper is organized as follows. In Sect. 2, we present preliminaries and
several lemmas. In Sect. 3, solvability of nonlinear FDE (1.1) is formulated and proved
by using a variety of methods. In Sect. 4, some examples are given to demonstrate the
main results.

1, denote
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76 Y. Li et al.

2 Preliminaries

For the convenience of readers, in this section, we present some definitions and lemmas.
More information on fractional calculus can be found in, for example, [2,3].

Definition 2.1 If f € AC"([a, b], R) ando > 0, then the Caputo fractional derivative
of order « is given by

1 A

(n—a) ), (x—pentl

D) =5

where n = [a] + 1, [«] denotes the integer part of number «.

Definition 2.2 If f € C([a, b], R) and & > 0, then the Riemann—Liouville fractional
integral of order « is given by

L f@

T ), Goprei

18 f(x) =

Lemma 2.1 For o > 0, the fractional differential equation CDg+u(t) = 0 has a
general solution

u(t) =1+ cat + 31> + -+ cut" 1,

wherec; e R,i =1,2,...,n,andn = [a] + 1.

Lemma 2.2 Let p > q > 0,g(t) € L' (a, b). Foranyt € [a, b), then
151580 =I5 ¢ () =11, 17 ). DY 15, (1) = 8(0). DY I () =155 (1)

Let C[0, 1] denotes the space of all continuous functions. Set Uy = {u(t)|u(t) €
C[0, 1] and CD“u(t) € CI[0, 11}. In order to prove our main results, we need the
following lemmas.

Lemma23 Letl <o <2,0<&<1,0<n<1,0>0,A,— A& #0. Forany
y(t) € C[0, 1], then the unique solution of the fractional boundary value problem

[Cpgwu) =y(@), t €[0,1], 2.1)

u(€) =0, u(l) = If, u(),

is given in Uy by

u(t)=~A3(§ —t)13+y(1)+A3(t—S)Igfey(n)JrM(Alt—A2)18‘+y(€) + 15 y(1),
(2.2)
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Proof Applying Lemma 2.1, the equation CDSC,M(Z‘) = y(¢) in (2.1) means
u(t) =ci +cat + I y(@). (2.3)
Using the condition # (&) = 0 and (2.3), we have
c1 + 0 = —Ig y(&). 2.4
Using Lemma 2.2 and (2.3), we have

t@ t9+1

I(I+9 t
re+n T CTreg o YO

Ig+u(t) =]

Moreover, the fractional integral condition u(1) = Ig+u(n) leads to

0 0+1
77+

7 +
'Te+1) T +2)

e+ Ity =c + I8y (),

that is
Ajer + Agey = I y(n) — Ig y(1). (2.5)
Combining (2.4) with (2.5), we obtain

o1 = A3[EIS (1) — Al y(&) — EI&T y(n)].
2 = N[ y(p) + AL ISy (&) — I (D]
Substituting ¢ and ¢> to (2.3), we obtain (2.2). The proof is completed.

Let X = {u(®)|u(t) € C[0, 1] and Cpriu(t) e CJO, 1]} be a Banach space
endowed with the norm |ju||x = maJx lu(t)| +maJx |€DPu(r)|, and Y = {v(r)|v(r) €
te te

C[0, 1] and ¢DPu(t) € CIO, 1]} be a Banach space endowed with the norm
lvlly = majx lv(@®)| + maJx |€ DP2y(t)|. The product space (X x Y, |[(u, v)||xxy) is
re re

also a Banach space with the norm || (u, v)||xxy = llullx + ||v]y.
Define the operator 7 : X x ¥ — X x Y by

T (u, v)(1) = (T1(u, v)(1), Ta(u, v)(1)), (2.6)
where

Ti(u, v)(1) = Ais(& — DIGLfi(1,u(1), v(1),C D'u(1),” Dv(1))
+ A3t = EN I fi (i u i) (). C DPu().© Do)
+ Ai3(Aint — Ap) It fi (i, u(&), v(E),C DP'u(&),C DPu(&)
u(t),C DPu(t)), i = 1,2,

@ Springer



78 Y. Li et al.

n@,‘ n9i+l
Ap=(1-—— ) An=(1-—+).
a ( r(9,-+1)) 2 ( F(6i+2))

1
- An—An& #0, i=1,2.
Aip — A&’ o

and

Remark 2.1

Ti(u, v)' (1) = — Al fi (1, u(1), v(1),C D”'u(1),C DPv(1))
+ ABIETY fi i (), (7). € D)€ Do)
+ A Ayl fiELuED), vED.C D u&).© DPu(E))
+131“1ﬁ(z, u(®), v(),€ D" u(r),C DPv(1)), i =1,2.

Set Uy, = {u(®)|u(t) € C[0, 11and D*'u(r) € C[0, 11} and Uy, = {v(1)|v(?) €
C[0, 1] and € D*2v(t) € C[0, 11}.

Lemma 2.4 Let f1, fo € C([0, 1] x R4, R). Then (u, v) € Uy, x Uy, is a solution
of FDE (1.1) if and only if (u,v) € X x Y is a solution of the operator equations
T(u,v) = (u,v).

Proof Let (u, v) € Uy, x Uy, be a solution of FDE (1.1). Applying Lemma 2.3 and
(2.6), we can obtain immediately (u, v) € X x Y is a solution of the operator equations
T (u, v) = (u, v). Conversely, let (4, v) € X x Y is asolution of the operator equations
T(u,v) = (u, v). That is,
u(t) = A& — 0I5 i u(), v(1),C D7 u(1),C DPu(l))
AT = EDIT fi G, ), v, € DPYuny),€ DPo(n)
+Ai(Ant — A I fiGL u@ED, v(E).C D u€).C D)
+ I5Lf1(t, u(), v(),C DP'u(t),C D (1)),
v(t) = Ans(E — DI (1, u(1), v(1),€ DP'u(1),€ DP2u(1))
+ Axs(t — EDIEM o (pr, u), v, € DPTun),€ DPu(n))
+ A3(Agit — Ap) 2 fo (&1, u(E), v(€1).C D 'u(€1).C Du(&))
+ I fo(t, u(®), v(®),C DPu(),C D).
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Noticing Cpeigi—m — (0. m =1,2,..., N,where N is the smallest integer greater
than or equal to ¢;. So, we have
D" u(t) = CDU L fi(t u(@), v(t).C D”'u(1).C DPv(1)]
= filt,u(®), v(6),C D"'u(1)),C Dv (1)),
D) = D2 fo(t, ut), v(1).© DP'u()),C Dv(1))]
= fo(t,u(®), v(1),C D"'u(1)),C Dv(1)).

By direct computation, we can verify easily that u (&) = 0, u(1) = Igi u(ny),v) =

0,v(l) = Ig}rv(nz). Therefore, (1, v) € Uy, X Uy, is a solution of FDE (1.1). The
proof is completed. O

Lemma 2.5 [see [27]] (Leray—Schauder nonlinear alternative) Let F be a Banach
space and Q be a bounded open subset of F,0 € Q,T : Q — F be a completely
continuous operator. Then, either there exists x € 02, . > 1 such that T (x) = Ax,
or there exists a fixed point x* € Q.

3 Main results

In the following subsection, we establish our main results for FDE (1.1) by using a
variety of fixed point theorems. For convenience, we set

_1ABIGE+ D+HABIIAH]ARDE + 1 [As|E + 1)77?’%"

A; ,i=1,2,
(o +1) o +6; +1)
B _ 1 (IAisl + [Aiz A |E" 1 |Ai3|7l;xi+9i ) i—12
T Q- p) C(o; +1) C()) Tl +6;+1D) T

Cir = (Ai + Bi)aw, i =1,2,k =1,2,3,45,
D= (Ai + Bi)bi i = 1.2,k =1,2,3,4,5,
E; = max {Dil, Dis, Dis. Dis. D,-5},i =12,
Fi = (A + B, i = 1,2,k =1,2,3,4,
The first result is based on the Schauder fixed point theorem.

Theorem 3.1 Assume that there exist positive constants aj; € (0, +00)(i = 1,2,k =
1,2, 3,4, 5) such that the following condition is satisfied

4

(HD) | fi(tx1, %2, %3, x2)| < @il ™ + a5, 0 < 7 < 1.
k=1
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80 Y. Li et al.

Proof First, define a ball in Banach space X x Y as

Br = {(u,v)[(u,v) € X x Y, |[(u,v)[[xxy < R}, (3.1
where
R > max {(IOCil)ﬁ, (IOC,-Q)ﬁ, (10C,3)ﬁ, (10Ci4)ﬁ, 10C;s,i =1, 2}.

Now we prove that T : Bg — Bg. For any (u, v) € B, applying Definition 2.2 and
the relation condition (H), we have

|1 (u, v) (1))
< AE — DG AW ), v(1).C DP'u(1),C D”2v(1))|
1A = EDUET fi(m wl), v, € D unn).€ DP2o(m)
+1AB(ANE = ARG AiEL uED, v(E).C D u(E).C DPu(ED)
15 A1 u@), v(6).C DPu(t).C D u(®)|
A +1) [! _ A +1) [m _
f[l 13F|i11> )/ (1= ld”lrl(jxll(iel)) , (=T

[Ai[(JA ]+ [Ap]) [ ar—1 al—1
() p GO d”r( >/“ = ds}

4
(S ais)

k=1

4

< Al(Zaler”‘ —|—a15). 3.2)

k=1
On the other hand, we have

1 " Ty, v) ()
C np —
DP Ty (u, v)(t) = N /0 )P ds. 3.3)

By Remak 2.1, using similar computation as getting (3.2), we have

IT1(u, v)' (1)

[Aq3] / 1 [A13] n 011
< (1 =) ds + ————— (m—S)"”Jrl ds
[F(al) (o + 91)

[A13A] a1 /t a2
e RCRCE d”F(al—l) o T




Solvability of a coupled system 81

| o1+6; 4
S (|A13|+IA13A11|§1 R S [-VE1 )X (Zalkw“ls).
(a1 + 1) T(e1)  T(a+6i+1) P

(3.4)
Consequently by (3.3) and (3.4), we have

1 ! — |A13| |A13A11|$ ! 1
C 1
DP'T; u, N <=-—-—-— r— Prd +
| e Ol 1(1—,0)/( ) sx( Mo+ 1) I'(ay)

a1+0
|Azlny

4
4+— ) x axR™ +a )
F(Oll-l-91-l-1)) (Z lk "

k=1

4

< Bl(ZalkR”k + als). (3.5)

k=1

From (3.2) and (3.5), we have

4
1 1 1 1 1 R

Ty (u, <ECR’”‘C< — il _ ~r=
T (u v)llx_k=1 1k +Ci5 < 10 R+ o R+ ) R+ T R+ o 5

Similarly, one can obtain

A

I olly = Cak™ 4 Cos = ~r+ Lre Lry gy g X
2 Y—k_l 2 Z=170""10" "0 "T10" "10" " 2

That is
NT (u, v)|xxy = [IT1(u, V)||x + [|T2(u, v)|ly < R.
Thus, we have T : B — Bgp.
Notice that 7 (i, v)(1), Ta(u, v)(#),€ DP' Ty (u, v)(¢),€ DP2T5(u, v)(t) are contin-
uous on [0, 1]. Thus, operator T is also continuous.

Now we show that T is equicontinuous. For this we fixed

M; = trr[lg)i]{lﬁ(t, u(®), v(1).C DyLu(0).C DRv)[},i=1,2.

for any (u, v) € Bg. Lett1,t € [0, 1](f; < 12), we have

[T1(u, v)(2) — T1(u, v)(11)]

< M |A13|(t2—t1)/ (1 — sy—lgs 4 128102 =) [A3](82 — 11) ( I
- [(a1)

Ca1 +601) Jo
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82 Y. Li et al.

1

a1 a1
M|:F( )/[(Q N — (g — )M ]ds—}-r( D

(t2 - s)“l_lds:I

1+ & A o
L@+ 1) C(ar +01 + 1

M, «
< M1|A13|[ )}(tz —-n)+ —(t —1h.

Flap +1)
(3.6)

On the other hand, we have
|CDP1T1<u v)(t2) = DTy (. v)(1)]
|/’2 Ti(u,v) (S) /t‘ Tl(u,v)’(S)d |
= ds — ———ds
F(1 - p1) (ty — s)P1 o (t1—s)P

(=)' — (11 —5)" , 2Ty (u, v) (5)]
= rd _,01)[ o (1 —$)Pi(ry — 5)Pt |T1(u, v) (s)|ds +/tl —(t2 —n dsi|y

(3.7)
where
A A3AqEY 1 Apslpt o
T 0) ()] < (I 131+ [A3A g [A13]m )M1
(o + 1) F(ar) Tlar+6+1)
From (3.6) and (3.7), we have
1€ D7 Ty (u, v)(12) =€ DP' Ty (u, v) (1))
_ (|A13| +lABAulE" 1 Al ) M;
- Car +1) C(ar) F(Oll +91 +1))TA—p1)
8 /” (=) — (=)
S
o (ta—s5)Pr(ty — )P " (1 — s)P1 S)pl
< BIMi[2(t — 1) " 41y " — tll " (3.8)
Analogously, one can prove that
1+ &5 Ay| ng ]
To(u, v)(t) — Tr(u, v)(t1)| < Ma|A
[T (u, v)(12) — Ta(u, v)(#1)] 2 23I[ Mo+ 1) My 161D
My
th—t o —t 3.9
x(t D+ T(a +1)(2 1) (3.9)
D73, v)(12) =€ DT, v)(0)] < BaMa[2002 = 1) ™7 4077 =177 ].
(3.10)

In (3.6), (3.8), (3.9) and (3.10), letting #; — 12, then

T} (u, v)(12) — T (, v)(t1)]| — 0, | DP' Ty (u, v)(t2) =€ DP' Ty (u, v)(11)| — O,
2T (u, v) (1) =€ DPTa(u, v)(11)| — O.
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So

T (u, v)(12) = T1(u, v)(t)|x = 0, [[T2(u, v)(12) — T2(u, v)(t1)|ly — 0.

That is, as t; — 12,
T (u,v)(t2) — T (u, v)(t1)||xxy — 0.

Therefore it follows from the above proof that 7' (Bg) is an equicontinuous set. Also,
itis uniformly bounded as T (Bg) C Bg. By means of the Arzela—Ascoli theorem, we
conclude that T is a completely continuous operator. Hence, applying the Schauder
fixed theorem, FDE (1.1) has at least one solution (u, v) in Bg. This proof is completed.

O

Remark 3.1 The condition (H}) can be replaced by the following condition

4

(H2) 1 fi(t, x1, %2, %3, x0)| < D @il ™, g > 1.
k=1

and the conclusion of Theorem 3.1 remains true. Noticing, some additional restriction
about R in (3.1) should be replaced by the following restriction

1 1 1 1
0<Remind(—— )" () ()T (YT sl
8Ci1 8Ci2 8Ci3 8Cis

So, repeating arguments similar to proof of Theorem 3.1, we can obtain the same
conclusion.
The second result is based on the Leray—Schauder nonlinear alternative.

Theorem 3.2 Assume that there exist positive constants bjr € (0,+00))(i =
1,2,k = 1,2,3,4,5) and functions ¢;jr € C([0, 4+00), (0, 400))(i = 1,2,k =
1, 2, 3, 4) nondecreasing on [0, +00) and L > 0 such that the following conditions
are satisfied

4

(H3) | fi(t, 1, x2, 33, x2)| < D bixpia (|xi]) + bis, i = 1,2,
k=1

4 4
(Hi) E1Q_¢u(L) + 1)+ E2> ¢u(L) + 1) < L.

k=1 k=1

Then FDE (1.1) has at least one solution.

ontinuous. It is obvious that 7" is continuous
mber L > 0, let By, = {(u, v)|(u,v) €
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84 Y. Li et al.

X x 7Y, ||[(u,v)|]lxxy < L} be abounded ball in X x Y. We shall prove that T (Br) is
relatively compact.
For (u, v) € T(BL), similar computation as (3.2) and (3.5) yields

4
|T1 @, v)(1)] < A1(2b1k¢1k(L> + bls), 3.11)
k=1
4
€D T (u, v) (1)] < 31(2b1k¢1k(L> + bls)- (3.12)
k=1

Hence

4 4
I1T1(u, v)l|x < (A1 + Bl)(zblkd’lk(L) + bls) = > Dudi(L) + Dis.

k=1 k=1
(3.13)
Similarly, one can obtain
4
1T2(u, v)lly < D Doxgpar (L) + Dos. (3.14)
k=1
Combining (3.13) with (3.14), we get
4
T (u, VlIxxy = T1(u, V)|x + [IT2(u, v)|ly < (ZD1k¢1k(L) + DIS)
k=1
4
+( > Dy (L) + Dzs)- (3.15)

k=1

Hence, T'(By) is uniformly bounded through (3.15). Next as the similar computation
as (3.6)—(3.10) yields that T'(By) is an equicontinuous set. By means of the Arzela—
Ascoli theorem, we conclude that 7 is a completely continuous operator.

Now we apply the Leray—Schauder nonlinear alternative (Lemma 2.5) to prove that
T has at least one solution in X x Y.

For (u, v) € 0B, such that (u, v) = AT (u,v),0 < A < 1. By (3.11) and (3.12),
we have

4

lu()] = AT, v)(O] = [T (u, v)(1)| = Al[zblktﬁlk(L) +b15]

k=1
1€ D' (u, v)(1)] = A€ DP' Ty (u, v) ()] < |€DP' Ty (u, v)(1)]
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Hence

4 4
llullx < (A1 + Bo[meqslk(L) + bls] =D Du¢u(L) + Dis
k=1 k=1

4
< EI[Zq&lk(L) + 1}. (3.16)

k=1

Similarly, one can obtain

4
llvlly < Ez[Zaﬁzk(L)Jr 1}. (3.17)
k=1

Combining (3.16), (3.17) with the condition (Hy), we get

4 4
e )y = el lx +1vlly sEl(qulk(L) + 1)+E2(z¢2k(L) + 1) <L,
k=1 k=1
(3.18)

this contradicts the fact (u, v) € 9Br. By Lemma 2.5 we conclude that 7" has a fixed
point (u#, v) € By and then FDE (1.1) has at least one solution in X x Y. O

Corollary 3.1 Assume that there exist positive constants by € (0,400))(@ =
1,2,k =1,2,3,4,5) and L > 0 such that the following conditions are satisfied

4
(Hs) |fit, x1, %2, x3, x4)| < D biglxe| + bis, i = 1,2,
k=1
(He) (E1+E)4L+1) < L.

Then FDE (1.1) has at least one solution.

Remark 3.2 'We obtained the existence of solutions for nonlinear FDE (1.1) by The-
orem 3.1 and Theorem 3.2. Some growth conditions

4

|fit, x1, 2, x5, x9)| < D aiel x| + ais
k=1

is given through three cases: In (H1),0 < tjx < 1; In (H»), 1jx > 1, for the sake
of simplicity, here a;s = 0; In (Hs), 7;x = 1, and some additional restriction (Hg)
is given. Obviously, it is easy to know that the conclusion of Theorem 3.2 contains
result of Theorem 3.1, but the condition of Theorem 3.1 is verified easily and more
convenient to apply, see Example 4.1.

he Banach contraction principle.
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Theorem 3.3 Assume that there exist positive constants cjp € (0,4+00))(i =
1,2,k = 1,2,3,4) such that the following conditions are satisfied, for all t € [0, 1]
and x1, X2, X3, X4, Y1, Y2, ¥3, y4 € R,

4
(H7) |fit, %1, %2, %3, %4) = fi (0, y1, v2, y3, )l < D cinlxe — el i = 1,2,
k=1
4
(Hg) H =) (Fi+ Fy) < 1.
k=1

Then FDE (1.1) has a unique solution.

Proof Define sup f;(¢,0,0,0,0) = G; < o00o,i =1, 2 and take
1e[0,1]

/ ’
,s 014G
- 1—-H

k]

where G; = (Ai + Bi)G,-,i =1,2.
First, we show that T(B,) C B, where B, = {(u,v)|(u,v) € X xY :
[|(u, V)||xxy < r}. For (u,v) € B,,we have

171, v)(0)]
= 181l + DI AL u (), v(1).€ DM u(),€ D2o(1))
—/1(1,0,0,0,0)] + [ f1(1,0,0,0, 0)|]

+1AIE + DI [If1(171, u(n), v().© D um).C D))
_fl(nla 07 0, 07 0)'
+1/100,0,0)[| + 1A 1A A |

+1ADIE 1161w, vED.C D uE).C D uEn)
~f1(61,0,0,0,0)] + 1 /1(61.0,0,0,0)]]

- Igi[lfl(t, u(t), v(1),€ D”'u(1),€ DP?u(1))
—f1(£,0,0,0,0) + | f1(, 0,0, 0, O)|]

AlE D [T ABIEED
5[ T /(l S ey Jy s

§
[As|(|Anl+[Ap]) [ s+r( )/(t_s)oll lds}

R
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x| e +ellullx + @2+ cllvlly + G

< A +ellullx + @2+ cnlivlly +Gi | (3.19)

On the other hand, we have

T, o) 0] < (|A13|+|A13Au|s;’” I |Asslng" )
ET @ ) " Tl +6+1)
x[(un+ ellullx + € +ewlivlly + G (320

Using (3.3) and (3.20), we obtain
€D Ty (u, v)(1)] < By [(011 +ci3)llullx + (cr2 + ci)l|vlly + Gl]- (3.21)

Combining (3.19) and (3.21), we get
4
1. v)l1x < (Fii + Fia)llullx + (Fia + Fudlvlly + G'1 <7 ) Fie+ G
k=1
Similarly, one has
4
I T2(u, )y < (Fa1 + Foa)llullx + (Faz + Faa)llvlly + G2 <7 ) Fy + G'a.

k=1

Consequently
T (u, VIxxy = IT1 @, v)l|lx + [|T2(, v)|ly < Hr + G'1 + G'> <r.
Now for any (u2, v2), (11, v1) € B,,we have

|T1 (u2, v2) (1) — T (ur, v) ()]
1
- [|A13I($1 + 1)/ (1 — )~ 1ds + |AIE + 1D

(771 _ s)ot1+91—1ds

I'(ay) F(“l"‘el) 0
IAI(ANL+ AR [5 ar—1 ar—1 }
T T /o(él o d”F( )/“ DT
X[(Cn+613)|Iu2—ulllx+(612+614)llv2—vllly]

c14)]|va — Ul”Y]a (3.22)
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and

| D7 T (2, v2)(1) = DTy (uy, v) (1)
= Bif(en + ez —mllx + (e +ewllv —villy | (3.23)

Combining (3.22) and (3.23), we get

T1(uz, v2) — Ti(uy, v)llx < (Fi1 + Fi3)lluz —uil|lx + (Fi2 + Fia)||v2 — villy.

Similarly, one has

1T2(uz2, v2) — To(ui, v)|ly < (F21 + F23)|lua — utllx + (F22 + Faa)llv2 — villy.

Therefore
T @2, v2) = TG, vl ey < Hlluz =l + 112 = willy |

Since H < 1, T is a contraction operator. So, using the Banach contraction principle,
the operator T has a unique fixed point, which is the unique solution of FDE (1.1). O

4 Some examples

In this section, in order to illustrate our results, we consider the following three exam-
ples.

Example 4.1 Consider the following coupled system of nonlinear FDE with fractional
integral conditions

[ 3 1
DG u(t) = an @)™ +a@m)™ + a3 (CDg.u)™
+a(©Dg v 4 as, 1 € 0, 1),
5 1
CDgv(t) = azn W)™ + an )™ + ax (D u()™

1 “4.1)
+a (€D v()™ 4 axs. 1 € (0, 1),
5

u(75) =o,u(1):10;1u(%),
(i) =0.v(D) = I (R),

where 0 < 7;; <10 =1,2;j =1,2,3, Y anday(i = 1,2,k =1,2,3,4,5) are




Solvability of a coupled system 89

Example 4.2 Consider the following coupled system of nonlinear FDE with fractional
integral conditions

[ ¢
D2 () = 35 + 100(1+|v|) +55(¢ D +u(0))
+<b (CDZ v + Y 1 e (0, 1),
Cc 4 _ _(d-nu?
7 D U(t) 100(1+u2) , (42)
SRS + 10O(CD u()® + 250<CD v() + L 1 e (0, 1),
u( ) =0, u(l)—l u( ),

u(d)y =0, u(l)—I Luh,

Whereal =3 w=22p=m=r&=rE=Lm=5mn= 1.0 =
92 = 4 By (4.2), we have

2 2 —1)?
X] X5 )C3 tX4 (1 t)
1, X1, %2, X3, X4)| = So5 + Toom—
| f1(t, x1, X2, X3, X4)| 200 100(1 + |x2) 500 100
il | el |l |7€4|2
- Lacl = anpu(lxi)

=200 ' 100 '~ 50 ' 500 ' 100

+andn(lx2)+aizdi3(|xs)) +aiapia(|xa]) +ais,
(1 —t)xt x5 Pl x40
100(1+x2) ' 200 100 200 400
o sl 1

< ﬁ ﬁ 00 200+ 00 = = az1¢21(|x1))

+andn(|x2|) + a3 (x3]) + azpoa(|xa]) + azs,

| f2(t, x1, x2, X3, x4)| =

where by = 55, b12 = 145,013 = 35, bis = si5. bis = 1. d11(x1]) = |x1f,

pa(n2) = Ixl ¢i3(x) = |xl ¢u(x) = [P by = 145.02 = 55

by3 = 105 boa = 5. bas = 1. $21(1x1]) = 512, (lx2]) = 102, po3(|x3)) =
4 4

|x313, ¢24(|xa]) = |x4l. Letusevaluate [Ey (X ix(L)+1)+E2(X dor(L)+1)—L].
k=1

k=1
By direct calculation, we can obtain that

A11 =0.1110, Ajp = 0.6666, A1z = 1.5653,
Ap; = 0.7764, Ary = 0.9669, Ay = 1.7280,

A1 =1.9047, Ay = 3.4556, By = 2.9083,

By =3.5656, C1; =0.0241, C1» = 0.0482,
D3 = 0.0964, D4 = 0.0096, D5 = 0.0482,
D>; = 0.0702, Dy = 0.0351, D3 = 0.0702,
E1 =0.0964, E, = 0.0702.
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Then E| ( z P11(L)+ 1)+ Ex z ¢2r(L)+1)—L = 0.0964 x 5+0.0702 x5—1 =
—0.167 < 0 for L=1. Theorem 3 2 implies that FDE (4.2) has at least one solution.

Example 4.3 Consider the following coupled system of nonlinear FDE with fractional
integral conditions

CD§+u(t) = u(t) + v+ 135 D2+u(t)+200 D2+v(t)+smt te(0,1),
CD4+v(t)—300u(t)+600v(t)+200 D2+u(t)+100 D2+v(t)+10,te(0 D),

4.3)
u(3) =0, u(l)—l Lu(3),
v(d)y =0, v(l)—I v(d),

Whereal =jm=3p=pm=3.b=1pb=3m=%rm=150 =

92 = 5 . By (4.3), we have
fi@ ) = ! + . + 3 + + sin¢,
, X1, X2, X3, X —x — — —x 1
IR X 2243, X4) = 50 T 562 T 100™2 T 200
f( YL I I IS AL
2\, X1, X2, X3, X4 300x1 600 X2 200 X3 100 X4 0

and

|f1(t xl,X2,X3,X4) S1E, y1, y2, 3, ya)|

3 7
< — N — _ -
< 40|x1 y1|+ IX2 y2|+ IX3 y3|+2OOIX4 y4l,

Ifz(t,X1,X2,x3,x4) e, }’1,)’2,)’3,}’4)|
1 1 3
< —|x1 — —|xy — — — x4 — 4l
< 300|x1 il + 600|x2 »l+ = 200 ——|x3 — y3| + 100|x4 4l

Combining with the calculation result of (4.2), by direct calculation, we can obtain
that

F11 = 0.1001, Fijp =0.2404, Fi3 =0.1201, Fj4 = 0.1401,
F>1 =0.0234, F»p =0.0117, F»3 = 0.1053, Fr4 = 0.2106.

Hence, H = 0.9517 < 1. Theorem 3.3 implies that FDE (4.3) has a unique solution.
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